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maintain the condition H =H, along the boundaries,
and show two such structures. These structures in-
dicate that, as the current increases, sodoesthe
axial width of the normal regions, and itfollows that
the supercooling required near the center of the nor-
mal regions would increase and become unacceptably
large. An alternative possibility is shown in Fig. 1:
Asiincreases overi,, afully normal sheathisformed
surrounding an intermediate state core: within the
core, the structure will be determined by the same
equilibrium conditions as are valid at ¢=4,, and we
may therefore assume that the axial periodicity of
the structure decreases soasto maintain the opti-
mum % — s boundary shape which allows H to equal
H, on the boundary. It follows thatthe supercooling
called for in the normal regions is not greater than
it was at i=1,.

In Fig. 3(a)the resistance transition predicted
by the present model is compared with the London

model and with experimental values obtained for

“thick” wires (diameter21 mm). For thinner wires
secondary effects occur; these have been discussed
by BM and the treatment given there remains valid.

In addition to the usual consideration of resistance
transitions, an independent check on the validity of
any model of the intermediate state in current-carry-
ing type-1 superconductors is provided by Rinderer’s
measurements of the radius of the intermediate-state
core as a function of applied current.” Figure 3(b)
shows that the values obtained by Rinderer are in
good agreement with the present model, whereas
they do not agree well with the values predicted by
London.

We wish to express our thanks to Professor J. F.
Allen for many helpful discussions and to Dr. A. J.
Cole and the staff of the St. Andrews University
computing laboratory for their assistance with the
numerical solutions.
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Thermal Conductivity in Pure Two-Band Superconductors in High Magnetic Fields

I-Ming Tang
Depavrtment of Physics, Reed College, Povtland, Oregon 97202
(Received 4 May 1970)

The theory proposed by Maki, for the electronic thermal conductivity in the gapless region
of a pure type-II superconductor, is extended to include the presence of a second supercon-
ducting band so that it can be used to describe the mixed-state thermal conductivity in clean
transition-metal superconductors near H,. The general features of Maki’s one-band expres-

sion remain in the two-band expression.

I. INTRODUCTION

The qualitative features of the theory proposed
by Maki, ! for the thermal conductivity in the gap-
less region of a pure type-II superconductor, have
been seen in the recent measurements®? of the
thermal conductivity in the mixed state in clean
niobium superconductors near the upper critical
field, i.e., the (H,~ H)'/?field dependence and the
anisotropy of the conductivity with respect to the
relative angle between the direction of the heat
flow and the external magnetic field were seen.
Quantitative agreements were achieved by treating
the density of states an an adjustable parameter.

Because this treatment of the density of states would
imply a false behavior of the magnetic properties,
many authors?*'® have questioned the parametrization
of the density of states. They believe that quan-
titative agreements would be achieved by the prop-
er treatment of the anisotropy of the Fermi sur-
face. However, it has been shown® that the proper
treatment of the anisotropy will lead only to a small
enhancement of the results based on a spherical
Fermi surface (e.g., the enhancement factor for
Nb is” 1. 13).

The recent discovery of a second energy gap®
and a second transition temperature® in clean nio-
bium superconductors indicates that the usual one-
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band model of superconductivity may not be adequate
to describe the transition-metal superconductors.
A two-band model, which included possible Cooper-
pair formation in the overlapping band regions in
the transition metals, was introduced by Suhl, Mat-
thias, and Walker!® (SMW). Using this model to
analyze their experimental data, several authors
have obtained values for the second energy gaps
in pure vanadium!! and molybdenum. ! The SMW
model has been used successfully to explain the
behavior of the magnetic properties of the transi-
tion-metal superconductors. 3

The purpose of this addendum is to extend Maki’s
theory by using the SMW two-band model as the
basis for the superconductivity in the transition
metals. The resulting two-band expression for
the thermal conductivity in the gapless region of
a pure type-II transition-metal superconductor will
exhibit the same field dependence and anisotropy
as the one-band expression. Because the two bands
in ine transition metals are affected by the im-
purities in different ways, the transport properties,
which are dominated by the lighter electrons from
the s band, and the thermodynamical properties,
dominated by the electrons from the more densely
populated d band, may behave in quite different
ways. A purity dependence in the thermal conduc-
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tivity need not show up in a similar dependence
in the magnetic properties.

II. TWO-BAND THERMAL CONDUCTIVITY

As was done in Maki’s paper, the thermal con-
ductivity can be obtained from the Kubo forumla

Kg=Im{(wD) ™ PGiw)} e , (1)

where P(iw) is obtained from the heat-current cor-
relation function P(w,) by analytical continuation.
Usingthe Hartree-Fock factorization, the correla-
tion function in the two-band system is given by

P(w,) = [ug, us]) va+( (244, ua]>ow,, , (2)

where u, and u, are the heat currents associated
with the different bands. By assuming that the ef-
fects of the magnetic field on the two energy gaps
in the clean transition-metal superconductors near
H_, are similar to those of a uniform transport cur-
rent in both bands, the techniques developed by
Maki in Ref. 1 can be used to evaluate the individ-
ual correlation functions. Performing the steps
in Ref. 1, the thermal conductivity in the mixed
state in a clean transition-metal superconductor
near H,, takes the asymptotic following forms.

Case (a) for the temperature gradient parallel
to the magnetic field:

G 22 ()2 (0)]

for TST,, (3)
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for T<T,.
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Case (b) for the temperature gradient perpendicular to the magnetic field:
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All of the above expressions except for K’ and
K!®  which are thenormal-state thermal conduc-

n 9

tivities for the s and d electrons, respectively,

for T<T,. (6)

[

are defined in Ref. 1.
As was the case for the one-band expression,
the field dependence in the thermal conductivity in
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the gapless region of a pure transition-metal super-
conductor arises from the behavior of the two en-
ergy gaps in a magnetic field. Since the d band

can be treated as a BCS band, 3 the d-band energy
gap can be written as

NE(NEIE!

__ 1 H,)-H
27N, 116(2k2-1)+1

I:ch(t) —%thcz(t)} ’

dt
(7)

where k, is the second Ginzburg-Landauparameter
and ¢ is the reduced temperature. By analogy to
the temperature behavior of the two energy gaps,
i.e., the ratio of the two gaps in niobium is con-
stant over a wide temperature range, ® it will be
assumed that the ratio between the two gaps re-
mains constant in the presence of a magnetic field.
By making these assumptions about the forms of
the two energy gaps, the two-band thermal conduc-
tivity will exhibit the (H,,— H)'/2 field dependence.

The anisotropy of the two-band thermal conduc-
tivity will also be the same as that of the one-band
expression, i.e.,

Kg, < Kg, for TSTC
and

(8)
Kg, >Kg, for T<T, .

III. CONCLUSION

As was mentioned previously, recent measure-
ments?'® of the thermal conductivity in the mixed
state in pure niobium superconductor near H,, have
confirmed the general features of both Maki’s ex-
pressions and the two-band expressions. Of par-
ticular interest is the work of Noto® who measured
the thermal conductivity in a niobium superconductor
having a residual resistivity ratio 1900 over a wide
temperature range. To achieve a quantitative
agreement between the experimental values and
Maki’s one-band expression, Noto used a value
1.6 xX10% states/cm3erg for the density of states.
As was noted, this value differs from the value
5. 6% 10% states/cm3erg obtained by van der Hoeven
and Keesom! from the specific-heat data on nio-
bium. The discrepancy between the experimental
and the theoretical values which grew worse as
the purity of the niobium superconductor increased
could be accounted for by a purity dependence in
the density of states. However, the implied purity
dependence in the density of state would imply an

OF PURE TWO-BAND:- - 1047
unobserved purity dependence in the magnetic prop-
erties of niobium. This has led Noto and others

to discount this explanation of the discrepancy.

In the two-band model, the dichotomy in the pu-
rity dependence of the thermal conductivity and the
magnetic properties present no problems. Since
these two properties are dominated by electrons
from two different bands which are affected by the
impurities in different ways, their behavior may be
quite different from each other. The two-band ef-
fects can also explain why Maki’s expression even
with an adjusted density of states predicts a thermal
conductivity which is higher than the observed val-
ues at temperatures close to 7', and which are too
low at low temperatures (see Fig. 8 in Ref. 3).

To see this, one rewrites (8) and (4) in the form

AK“ =1- KS“ =. Ad (—e—d>2 E E(&) g id_ ¥
K, k, 2rT\1) 5" 35\21/"7\2

52 i -S04
~Tk, |277\T/ {567 35\21/ *7\27,

_ A (&)z[é 18 (€4\* 4 (¢!
2T \1/ (5~ 35\27) *7 \or
for T<T, (9)
and
AK, 3T 4, [1_31 (n_T)Z 108¢(3) (T)]
K, 4 ¢ 5\, / ~ o\,

K, 3y7 {_A_g

[1 _108(3)(T _ 14(7T\¢
K, 4 ¢ 172 \e,)” 5 \e,.

_4 [1 108¢(3) <T> 14( nT\ 2
1= -5
for T< T,. (10

€s

The first terms on the right-hand side of the above
equations are the terms in Maki’s one-band expres-
sions. The remaining terms on the right-hand side
reflect the presence of the second band. In niobium
where 4,=10A% and €,>¢€,, one can see that the
two-band effect will decrease the thermal conduc-
tivity at the higher temperatures and increase the
thermal conductivity at the lower temperatures
(cause AK,/K, to be larger for T< T, and to be
smaller for T<T,).
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Positron Annihilation in a Zirconium Single Crystal*

G. Coussot
Institut National des Sciences et Techniques Nucleaives, Saclay, France
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The angular distribution of the ¥ quanta emitted in the two-photon annihilation of positrons
in zirconium has been measured along the (0001) direction of a single crystal. The results
are compared with calculations by Gupta and Loucks in the augmented-plane-wave approxima-

tion,

The data confirm that the curve at small angles falls significantly below the parabola

expected for a free-electron gas and that there is a conspicuous contribution at large angles
from the high-momentum components of the electron wave function. A small hump predicted

near the zone boundary was not resolved.

Gupta and Loucks! calculated the angular distribu-
tion of the radiation from the two-photon annihila-
tion of positrons in yttrium and zirconium. The
work was based on a study of the electronic struc-
ture of these transition metals in an augmented-
plane-wave approximation, 23

The interest of a comparison between zirconium
and yttrium lies in the fact that the calculations for
yttrium show a pronounced hump in the angular cor-
relation curve at angles of 2. 5 mrad which corre-
sponds to the position of the zone boundary, whereas
for zirconium with one more electron in the d shell,
the hump is predicted to almost disappear. The the-
ory for yttrium is in reasonable agreement with the
measurements by Williams and Mackintosh, *° but
no data on zirconium were available until now.

We have measured the angular correlation curve
for a zirconium single crystal in a standard angular
correlation instrument with a resolution of about
0.5 mrad. The crystal, approximately 3 mm diam
and 2 mm thick, was cut such that the (0001) direc-
tion was parallel to p,, the momentum component
measured by the angle 6 =p,/mc. The small area
of the crystal made it necessary to resort to very
intense positron sources for adequate counting sta-
tistics. The data presented here are the averages
of several runs, each obtained with a 5 Ci source of
84Cu without any change in the position of the Zr
sample.

The result is shown in Fig. 1 and compared with
the predictions by Gupta and Loucks.! For refer-
ence, the parabola of the free-electron gas is indi-

cated also.
The experiment confirms that at small momenta
the angular correlation curve of zirconium falls sig-

Nie) Zirconium [0001]

+

+ experiment

Photon pair counting rate
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FIG. 1 Angular distribution of two-7 annihilation ra~
diation of positrons in a zirconium crystal along the
(0001) direction. Crosses indicate the experimental
points and their statistical uncertainty. Solid curve is the
results of the calculation by Gupta and Loucks (Ref. 1).
Arrow indicates the position of the zone boundary. For
comparison, the dashed curve presents the parabola of
the corresponding free-valence-electron gas.
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